A criterion to determine the L-S category of a total space of a sphere-bundle over a sphere is given in terms of homotopy invariants of its characteristic map, and thus providing a complete answer to Ganea's Problem 4. As a result, we obtain a necessary and sufficient condition for such a total space N to have the same L-S category as its 'once punctured submanifold' N {P }, P ∈ N . Also a necessary condition for such a total space M to satisfy Ganea's conjecture is obtained.
Introduction
The (normalised) L-S category cat(X) of X is the least number m such that there is a covering of X by m + 1 open subsets each of which is contractible in X, which is the least number m such that the diagonal map ∆ m+1 : X → m+1 X can be compressed into the 'fat wedge' T m+1 (X) (see James [8] and Whitehead [20] ). By definition, we have cat({ * }) = 0.
This simple definition, however, does not suggest a simple way of calculation. In fact, to determine the L-S category of a sphere-bundle over a sphere in terms of homotopy invariants of its characteristic map is listed as Problem 4 of Ganea [2] in 1971. Although a tight connection between L-S category and Bar resolution is pointed out by Ginsburg [3] in 1963, this homological approach is not strong enough to solve Ganea's problems on L-S category.
Ganea's Problem 2 is also a basic problem on cat(X×S n ), where we easily see cat(X×S n ) = cat(X) or cat(X) + 1: Can the latter case only occur on any X and n ≥ 1? The affirmative answer had become known as "Ganea's conjecture" or "the Ganea conjecture" (see James [9] ), particularly for manifolds. By Singhof [17] followed by Montejano [11] , Gómez-Larrañaga and González-Acuña [4] and Rudyak [15, 16] , the conjecture is validated for a large class of manifolds.
The first closed manifold counter-example to the conjecture was given by the author [7] as a total space of a sphere-bundle over a sphere, using concrete computations of Toda brackets depending on results by Toda [19] and Oka [14] . Also, Pascal Lambrecht, Don Stanley and Lucile Vandembroucq [10] and the author [7] provided manifolds each of which has the same L-S category as its once punctured submanifold.
The purpose of this paper is to determine the L-S category of a sphere-bundle over a sphere in terms of a primary homotopy invariant of the characteristic map of a bundle, providing simpler proofs of manifold examples in [7] . Using it, we could obtain many closed manifolds each of which has the same L-S category as its once punctured submanifold and many closed manifold counter-examples to Ganea's conjecture on L-S category.
Throughout this paper, we follow the notations in [6, 7] : In particular for a map f : S k → X, a homotopy set of higher Hopf invariants H 2 L-S category of a sphere-bundle over a sphere Let r ≥ 1, t ≥ 0 and E be a fibre bundle over S t+1 with fibre S r . Then E can be described as S r ∪ Ψ S r ×D t+1 , with Ψ : S r × S t → S r (see Whitehead [20] ). Hence E has a CW decomposition S r ∪ α e t+1 ∪ ψ e r+t+1 with α : S t → S r and ψ : S r+t → Q = S r ∪ α e t+1 given by the following formulae:
where we denote by χ f : (C(A), A) → (C f , B) the characteristic map for f : A → B and let ω r = χ ( * :S r−1 →{ * }) . When r = 1, the L-S categories of E and Q are studied by several authors; especially by Singhof [17] in the case when r = t = 1. We summarise known results in this case.
Fact 2.1 Let r = 1. Then we have the following.
When r > 1, we identify H S 1 (α) with its unique element, say H 1 (α), since a sphere S k has the unique structure σ(S k ) : 
By [6] and [7, Theorem 5.2, 5.3, 7.3] , the following is also known.
Fact 2.3
When r > 1, t ≥ r and α = ±1, we also have the following.
(2) cat(E) = 2 if and only if H S 2 (ψ) ∋ 0, and cat(E) = 2 implies cat(E×S n ) = 3 for all n.
Remark 2.4 When α is in meta-stable range, H 1 (α) : S t → ΩS r * ΩS r is given by the second JamesHopf invariant h 2 (α) : S t → ΣS r−1 ∧S r−1 composed with an appropriate inclusion to a wedge-summand. Thus we may regard h 2 (α) = H 1 (α) when α is in meta-stable range.
But a higher Hopf invariant H
is not very easy to determine. Our result is as follows:
The result is obtained by the following lemma for Q of cat(Q) = 2 with t > r > 1.
, where the bottom-cell inclusionî : S r−1 ֒→ ΩQ denotes the adjoint of the inclusion i : S r ֒→ Q.
By combining above facts with Theorem 2.5, we obtain an answer to Ganea's Problem 4:
(1):
:
Applications and examples
Firstly, Theorem 2.7 yields the following result.
Theorem 3.1 Let a manifold N be the total space of a S r -bundle over S t+1 with a characteristic map Ψ : S r ×S t → S r , t > r > 1, and let α = Ψ| S t . Then cat(N {P }) = cat(N ) if and only if H 1 (α) = 0 and Σ r H 1 (α) = 0.
This theorem provides the following examples.
Example 3.2
Let p be an odd prime and α = η 2 •α 1 (3)•α 1 (2p). Then we have that H 1 (α) = α 1 (3)•α 1 (2p) = 0 and Σ 2 H 1 (α) = 0 by [19] . Let N p → S 4p−2 be the bundle with fibre
By the argument given in [7] shows that N p has a CW-decomposition as
Example 3.3 ( [7] ) Let p be a prime ≥ 5 and α = η 2 •α 1 (3)•α 2 (2p) as in [7] . Then we have that H 1 (α) = α 1 (3)•α 2 (2p) = 0 and Σ 2 H 1 (α) = 0 by [19] . Let L p → S 6p−4 be the bundle with fibre S 2 induced by Σ(α 1 (3)•α 2 (2p)) : S 6p−4 → S 4 from the bundle CP 3 → HP 1 = S 4 with fibre Sp(1)/U (1) = S 2 . By the argument given in [7] shows that L p has a CW-decomposition as
Secondly, Theorem 2.7 also yields the following result.
Theorem 3.4 Let a manifold M be the total space of a S r -bundle over S t+1 with a characteristic map Ψ : S r ×S t → S r , t > r > 1, and let α = Ψ| S t . If Σ r H 1 (α) = 0 and H 1 (α) = 0, then M is a counter-example to the Ganea's conjecture on L-S category; more precisely,
This theorem provides the following manifold counter examples to Ganea's conjecture on L-S category. 
Example 3.6 ( [7] ) Let p = 3 and α = η 2 •α 1 (3)•α 2 (6) as in [7] . Then we have that H 1 (α) = α 1 (3)•α 2 (6) = 0, Σ 2 H 1 (α) = 0 and Σ 4 H 1 (α) = 0 by [19] . Let M 3 → S 14 be the bundle with fibre S 2 induced by Σ(α 1 (3)•α 2 (6)) : S 14 → S 4 from the bundle CP 3 → HP 1 = S 4 with fibre S 2 . By the argument given in [7] shows that M 3 has a CW-decomposition as M 3 ≈ S 2 ∪ α e 14 ∪ ψ e 16 . Then Theorem 3.4 implies that cat(M 3 ×S n ) = cat(M 3 ) = 3 for n ≥ 2.
Finally, Theorem 2.5 and [7, Theorem 5.2] imply the following result.
Theorem 3.7 Let a manifold X be the total space of a S r -bundle over S t+1 with a characteristic map Ψ : S r ×S t → S r , t > r > 1, and let α = Ψ| S t . When H 1 (α) = 0 and β is a co-H-map, we obtain that X(β) = S r ∪ α e t+1 ∪ ψ•β e v+1 is of cat(X(β)) = 3 if and only if Σ r H 1 (α)•β = 0.
Proof of Lemma 2.6
Let cat(Q) = 2 with t > r > 1. In the remainder of this paper, we distinguish a map from its homotopy class to make the arguments clear.
Here, let us recall the definition of a relative Whitehead product: For maps f : ΣX → M and
Also a pairing F : M ×L → M with axes 1 M and h : L → M (see Oda [13] ) determines a map
is a relative homeomorphism given by the restriction of the identification map M ∪ K → M ∪ h K. Then we can easily see that ψ : S r+t → Q is given as
where
We denote by j
֒→ P ∞ (ΩQ) the classifying map of the fibration p 
is given by a relative Whitehead product [e
rel , where ι denotes the identity 1 ΣΩQ and
denotes a relative homeomorphism. .2) is given by the following data:
where H t is a homotopy 
, we have the following homotopy pushout-pullback diagram:
where we replaced P ∞ (ΩQ) by Q in the bottom, since P ∞ (ΩQ) is the homotopy equivalent with Q by e Q ∞ : P ∞ (ΩQ) → Q and σ ∞ : Q → P ∞ (ΩQ). By [6, Lemma 2.1] with (X, A) = (P ∞ (ΩQ), { * }), (Y, B) = (P ∞ (ΩQ), ΣΩQ), Z = { * } and f = g = * , we have the following homotopy pushout-pullback diagram:
where χ p
The above constructions give a standard ΩQ-projective plane P 2 (ΩQ) and a standard projection p
In fact, the diagonal map ∆ 
By combining this diagram with diagrams (4.3) and (4.4), we obtain the desired diagram.
QED.
Since there is a right action of
r ×S r , we obtain the following.
Proof. By (4.1), we know σ
rel , where we have
where the addition denotes the composition of homotopies. Using the same homotopy H t : ∆ S t ∼ µ t , we obtain homotopies Hence by the definition of σ 0 and ψ, we obtain the following. QED.
Next we show the following. 
